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METRICS OF EGUCHI-HANSON TYPES WITH THE
NEGATIVE CONSTANT SCALAR CURVATURE
JUNWEN CHEN† AND XIAO ZHANG♭
Abstract. We construct two types of Eguchi-Hanson metrics with the
negative constant scalar curvature. The type I metrics are Ka¨hler. The
type II metrics are ALH whose total energy can be negative.
1. Introduction
Eguchi-Hanson metrics are Ricci flat, anti-self-dual 4-dimensional ALE
Riemannian metrics [6, 7]. They are referred as gravitational instantons,
and attract much attention in general relativity. The counter-examples of
Hawking and Pope’s generalized positive action conjecture, which were first
constructed by LeBrun using the method of algebraic geometry, are Burns’
metrics and have an opposite orientation of Eguchi-hanson metrics [10].
The direct construction of metrics of Eguchi-Hanson type with the zero
scalar curvature, negative mass was provided in [16] by solving an ordinary
differential equation.
The Eguchi-Hanson metrics with constant Ricci curvatures and their re-
lations with Ka¨hler geometry were studied by Pedersen [12]. The general
condition for metrics of Eguchi-Hanson type to be Ka¨hler was derived by
LeBrun [11]. In this short paper, we construct two types of Eguchi-Hanson
metrics with the negative scalar curvature. The metrics of type I have natu-
ral Ka¨hler structure, but not ALH. They can not develop into 5-dimensional
spherically symmetric, static vacuum Einstein spacetimes with the negative
cosmological constant. The metrics of type II are not Ka¨hler, but ALH
which allow negative total energy. They can only develop into 5-dimensional
spherically symmetric, static vacuum Einstein spacetimes with the negative
cosmological constant as Clarkson-Mann’s metrics. These metrics are inter-
esting in the theory of AdS/CFT correspondence.
The paper is organized as follows. In Section 2, we provide a brief intro-
duction to metrics of Eguchi-Hanson type with the zero scalar curvature. In
Section 3, we construct metrics of Eguchi-Hanson type I with the negative
constant scalar curvature. In Section 4, we construct metrics of Eguchi-
Hanson type II with the negative constant scalar curvature. In Section 5,
we compute the total energy of metrics of Eguchi-Hanson type II and show
that it can be negative.
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2. Eguchi-Hanson Metrics
Let θ, φ, ψ be the Euler angles on the 3-sphere S3 with ranges
0 6 θ 6 pi, 0 6 φ 6 2pi, 0 6 ψ 6 4pi.
Let σ1, σ2, and σ3 be the Cartan-Maurer one-forms for SU(2) ∼= S3, given
by
σ1 =
1
2
(
sinψdθ − sin θcosψdφ),
σ2 =
1
2
(− cosψdθ − sin θ sinψdφ),
σ3 =
1
2
(
dψ + cos θdφ
)
.
They satisfy
dσ1 = 2σ2 ∧ σ3, dσ2 = 2σ3 ∧ σ1, dσ3 = 2σ1 ∧ σ2.
In [6, 7], Eguchi and Hanson constructed 4-dimensional self-dual Rie-
mannian metrics
g =
(
1− B
r4
)−1
dr2 + r2
(
σ21 + σ
2
2 +
(
1− B
r4
)
σ23
)
(2.1)
with constant B > 0, r ≥ 4√B, 0 ≤ ψ ≤ 2pi. The metrics are geodesically
complete and asymptotically local Euclidean. Topologically, the manifold is
R≥0 × SU(2)/Z2 ∼= R≥0 × SO(3) ∼= R≥0 × P3.
In [16], metrics of Eguchi-Hanson type with the zero scalar curvature were
constructed
g = f−2dr2 + r2
(
σ21 + σ
2
2 + f
2σ23
)
(2.2)
with
f =
√
1− 2A
r2
− B
r4
, (2.3)
where constant B > 0, r ≥ 4
√
B
n−1 for n ≥ 2, 0 ≤ ψ ≤ 4pin and
A = −n− 2
2
√
B
n− 1 .
The metrics are geodesically complete and asymptotically local Euclidean.
Topologically, the manifold is
R≥0 × SU(2)/Zn ∼= R≥0 × S3/Zn.
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3. Metrics of Eguchi-Hanson Type I
In this section we constructed metrics of (2.2) with the constant scalar
curvature, which we refer to metrics of Eguchi-Hanson type I. The case of
metrics of type I with the constant Ricci curvatures was studied extensively
in [12]. Let coframe of (2.2) be
e1 = f−1dr, e2 = rσ1, e3 = rσ2, e4 = rfσ3.
The connection 1-forms are defined by
dei = −ωij ∧ ej
and the curvature tensors are
Rij = dω
i
j + ω
i
k ∧ ωkj.
The scalar curvature −24B satisfies the ordinary differential equation
R = −(f2)′′ − 7
r
(f2)′ − 8
r2
(f2 − 1) = −24B,
where B is certain constant. The general solutions are
f =
√
1 +
C
r2
+
A
r4
+Br2 (3.1)
where A, C are constant.
Theorem 3.1. Let constant B > 0, natural number n ≥ 3. Given any
constant C ≤ (n−2)212B , metrics (2.2) with f given by (3.1) and with ranges
r ≥ r0, 0 ≤ ψ ≤ 4pi
n
(3.2)
are geodesically complete whose scalar curvature is −24B, where
r0 =
√
n− 2 +
√
(n− 2)2 − 12BC
6B
> 0, (3.3)
A =
1− 2n+
√
(n− 2)2 − 12BC
3
r40. (3.4)
Topologically, the manifold is
R≥0 × SU(2)/Zn ∼= R≥0 × S3/Zn.
Proof: Let r¯ be the largest positive root of f . Define
ρ = rf ≥ 0, ρ(r¯) = 0.
By changing coordinates, metrics (2.2) with f given by (3.1) become
g =
(
f2 +
r
2
(f2)′
)−2
dρ2 + ρ2σ23 + r
2
(
σ21 + σ
2
2
)
=h−2dρ2 +
ρ2
4
dψ2 + ρ2
(cos θ
2
dφdψ +
cos2 θ
4
dφ2
)
+ r2
(
σ21 + σ
2
2
) (3.5)
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where h = 1− A
r4
+ 2Br2. Now we find r¯, A such that
1 +
C
r¯2
+
A
r¯4
+Br¯2 = 0, 1− A
r¯4
+ 2Br¯2 = n.
We obtain that r¯ = r0 satisfies (3.3) and A satisfies (3.4). Then metrics
(3.5) become
g =
1
n2
(
dρ2 + ρ2
(
d
nψ
2
)2)
+ ρ2
(cos θ
2
dφdψ +
cos2 θ
4
dφ2
)
+ r2
(
σ21 + σ
2
2
)
.
Thus the singularity at r = r0 or ρ = 0 can be removed under (3.2) and the
theorem holds. Q.E.D.
Remark 3.1. The metrics in Theorem 3.1 have natural Ka¨hler structures
[11]. But they are not ALH.
The curvature tensors of the metrics in Theorem 3.1 are
R21 = R
3
4 =
(
−B + C
r4
+
2A
r6
)
(e2 ∧ e1 + e3 ∧ e4),
R31 = R
4
2 =
(
−B + C
r4
+
2A
r6
)
(e3 ∧ e1 + e4 ∧ e2),
R23 =
(
− 4B − 4C
r4
− 4A
r6
)
e2 ∧ e3 + 2
(
−B + 4C
r4
+
2A
r6
)
e4 ∧ e1,
R41 =
(
− 4B − 4A
r6
)
e4 ∧ e1 + 2
(
−B + 4C
r4
+
2A
r6
)
e3 ∧ e2.
Thus the sectional curvatures are
K21 = K31 = K34 = K42 = −B + C
r4
+
2A
r6
,
K23 = −4B − 4C
r4
− 4A
r6
,
K41 = −4B − 4A
r6
.
The Ricci curvatures are
R11 = R44 = −6B + 2C
r4
, R22 = R33 = −6B − 2C
r4
.
If C = 0, then the metrics are Einstein which were studied in [12].
In the following we show that the metrics constructed in Theorem 3.1
can not develop into 5-dimensional spherically symmetric, static vacuum
Einstein spacetimes with the negative cosmological constant
R˜ij =
2
3
Λg˜ij , 0 ≤ i, j ≤ 4. (3.6)
Theorem 3.2. There does not exist smooth function v(r) such that the
following metrics
g˜ = −v2dt2 + f−2dr2 + r2(σ21 + σ22 + f2σ23) (3.7)
satisfies (3.6).
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Proof: Denote the coframe of (3.7)
e0 = vdt, e1 = f−1dr, e2 = rσ1, e3 = rσ2, e4 = rfσ3.
It is easy to derive the connection 1-forms of g˜
ω˜01 =
v′f
v
e0, ω˜02 = ω˜
0
3 = ω˜
0
4 = 0,
ω˜21 =
f
r
e2, ω˜31 =
f
r
e3, ω˜41 =
(f
r
+ f ′
)
e4,
ω˜34 =
f
r
e2, ω˜42 =
f
r
e3, ω˜23 =
( 2
rf
− f
r
)
e4.
The curvature tensors of g˜ are
R˜01 = −
((
1 +
C
r2
+
A
r4
+Br2
)v′′
v
+
(−C
r3
+
−2A
r5
+Br
)v′
v
)
e0 ∧ e1,
R˜02 = −
(1
r
+
C
r3
+
A
r5
+Br
)v′
v
e0 ∧ e2,
R˜03 = −
(1
r
+
C
r3
+
A
r5
+Br
)v′
v
e0 ∧ e3,
R˜04 = −
(1
r
+
−A
r5
+ 2Br
)v′
v
e0 ∧ e4,
R˜21 = R˜
3
4 =
(
−B + C
r4
+
2A
r6
)
(e2 ∧ e1 + e3 ∧ e4),
R˜31 = R˜
4
2 =
(
−B + C
r4
+
2A
r6
)
(e3 ∧ e1 + e4 ∧ e2),
R˜23 =
(
− 4B − 4C
r4
− 4A
r6
)
e2 ∧ e3 + 2
(
−B + 4C
r4
+
2A
r6
)
e4 ∧ e1,
R˜41 =
(
− 4B − 4A
r6
)
e4 ∧ e1 + 2
(
−B + 4C
r4
+
2A
r6
)
e3 ∧ e2.
The Einstein equations (3.7) give
R˜00 = −
(
R˜0101 + R˜
0
202 + R˜
0
303 + R˜
0
404
)
= −2
3
Λ,
R˜11 = −6B + 2C
r4
+ R˜0101 =
2
3
Λ,
R˜22 = −6B − 2C
r4
+ R˜0202 =
2
3
Λ,
R˜33 = −6B − 2C
r4
+ R˜0303 =
2
3
Λ,
R˜44 = −6B + 2C
r4
+ R˜0404 =
2
3
Λ.
From R˜11 = R˜44, we obtain(
1 +
C
r2
+
A
r4
+Br2
)
v′′ =
(1
r
+
C
r3
+
A
r5
+Br
)
v′.
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Therefore
v =
C1
2
r2 + C2.
From R˜22 = R˜44, we obtain(
− C
r3
− 2A
r5
+Br
)
v′ =
4C
r4
v.
Substituting v into the above equation, we obtain C = C1 = 0 and C2 is
constant. Thus v′ = 0 which implies
R˜0i0i = 0 =⇒ R˜00 = 0.
This gives contradiction. Therefore the proof of theorem is complete. Q.E.D.
4. Metrics of Eguchi-Hanson Type II
In this section we study the following metrics with the negative constant
scalar curvature. We refer them to metrics of Eguchi-Hanson type II.
g =
dr2
(1 +Br2)f2
+ r2
(
σ21 + σ
2
2 + f
2σ23
)
. (4.1)
Let B > 0. When f = 1, they are standard hyperbolic metrics. When
f =
√
1 +
A
r4
, A = −(n
2 − 4)2
16B2
, n ≥ 3
the metrics are geodesically complete and asymptotically local hyperbolic
on
r ≥
√
n2 − 4
4B
, 0 ≤ ψ ≤ 4pi
n
. (4.2)
They yield to the 5-dimensional Eguchi-Hanson-AdS spacetimes [4]
g˜ = −(1 +Br2)dt2 + dr
2
(1 +Br2)(1 + Ar4 )
+ r2
(
σ21 + σ
2
2 + (1 +
A
r4
)σ23
)
(4.3)
which satisfy the vacuum Einstein field equations (3.6). Furthermore, Dold
[5] calculated their Hawking mass at infinity
mH = −5
6
(n2 − 4)2
16B
< 0.
He also studied the 5-dimensional Einstein vacuum equations and showed
that the future maximal development does not contain horizon for small per-
turbation of Eguchi-Hanson type II initial data sets with negative Hawking
mass at infinity.
Now we construct metrics with the negative constant scalar curvature.
Let coframe of (4.1) be
e1 = (
√
1 +Br2f)−1dr, e2 = rσ1, e3 = rσ2, e4 = rfσ3.
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The connection 1-form
{
ωij
}
of (4.1) are
ω21 =
√
1 +Br2f
r
e2, ω31 =
√
1 +Br2f
r
e3,
ω41 =
(√1 +Br2f
r
+
√
1 +Br2f ′
)
e4,
ω34 =
f
r
e2, ω42 =
f
r
e3, ω23 =
( 2
rf
− f
r
)
e4.
The curvature tensors are
R21 =−
(
Bf2 +
1 +Br2
r
ff ′
)
e2 ∧ e1 +
√
1 +Br2ff ′
r
e4 ∧ e3,
R31 =−
(
Bf2 +
1 +Br2
r
ff ′
)
e3 ∧ e1 +
√
1 +Br2ff ′
r
e2 ∧ e4,
R34 =−
(
Bf2 +
1 +Br2
r
ff ′
)
e3 ∧ e4 +
√
1 +Br2ff ′
r
e1 ∧ e2,
R42 =−
(
Bf2 +
1 +Br2
r
ff ′
)
e4 ∧ e2 +
√
1 +Br2ff ′
r
e1 ∧ e3,
R23 =−
(
Bf2 +
4f2 − 4
r2
)
e2 ∧ e3 + 2
√
1 +Br2ff ′
r
e4 ∧ e1,
R41 =−
(
Bf2 +
1 +Br2
2
(f2)′′ +
3 + 4Br2
r
ff ′
)
e4 ∧ e1 + 2
√
1 +Br2ff ′
r
e2 ∧ e3.
The constant scalar curvature −12B satisfies the following equation
R = −
(
(1 +Br2)(f2)′′ + (
7
r
+ 8Br)(f2)′ + (
8
r2
+ 12B)f2 − 8
r2
)
= −12B.
The solutions are
f =
√
1 +
√
1 +Br2C
r4
+
A
r4
. (4.4)
where A, C are constant.
Let r0 be the largest positive root of f given by (4.4)
1 +
√
1 +Br20C
r40
+
A
r40
= 0. (4.5)
It always exists, for example, if A < 0. Choose A, C such that√
1 +Br20
(
1− A
r40
)
− C
r40
− BC
2r20
= n. (4.6)
Then r20 satisfies the following equation
(
r20
)3
+
4− n2
4B
(
r20
)2
+
nC
4
(
r20
)− BC2
16
= 0. (4.7)
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Theorem 4.1. Let constant B > 0, natural number n ≥ 3. If constant C
satisfies
C ≤ n
3 − 36n+ (n2 + 12)√n2 + 12
27B2
or C >
(n4 − 4)(3n +√3n2 + 24)
18B2
,
(4.8)
then there exists r0 > 0 such that metrics (4.1) with f given by (4.4) and
with ranges
r ≥ r0, 0 ≤ ψ ≤ 4pi
n
are geodesically complete and ALH whose scalar curvature is −12B, and
A = −r40 −
√
1 +Br20C. (4.9)
Topologically, the manifold is
R≥0 × SU(2)/Zn ∼= R≥0 × S3/Zn.
Proof: Define
ρ = rf ≥ 0, ρ(r0) = 0.
By changing coordinates, metrics (4.1) with f given by (4.4) become
g =
dρ2
(1 +Br2)
(
f2 + r2(f
2)′
)2 + ρ2σ23 + r2(σ21 + σ22)
= h−2dρ2 + ρ2σ23 + r
2
(
σ21 + σ
2
2
)
,
where
h(r) =
√
1 +Br2
(
1− A
r4
)
− C
r4
− BC
2r2
.
Denote
C1 =
n3 − 36n− (n2 + 12)√n2 + 12
27B2
,
C2 =
n3 − 36n+ (n2 + 12)√n2 + 12
27B2
,
C3 =
(n4 − 4)(3n −√3n2 + 24)
18B2
,
C4 =
(n4 − 4)(3n +√3n2 + 24)
18B2
.
It is obvious that C1 < C3 < C2 < C4. Let
p =
−(n2 − 4)2 + 12nB2C
48B2
,
q =
−(n2 − 4)3 + 18n(n2 − 4)B2C − 54B4C2
864B3
.
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A direct computation shows that
∆ =
p3
27
+
q2
4
=
27B4C4 − 2B2C3n(n2 − 36)− 4(n2 − 4)2C2
27648B2
.
We obtain
(i) C < C1 or C > C2 =⇒ ∆ > 0,
(ii) C1 ≤ C ≤ C2 =⇒ ∆ ≤ 0,
(iii) C ≤ C3 or C ≥ C4 =⇒ q ≤ 0.
Therefore, for any given C satisfying (4.8), we solve (4.7)
(i) C < C1 or C > C4 =⇒ ∆ > 0, q < 0,
r0 =
√√√√ 3√−q
2
+
√
p3
27
+
q2
4
+
3
√
−q
2
−
√
p3
27
+
q2
4
+
n2 − 4
12B
,
(ii) C1 ≤ C ≤ C2 =⇒ ∆ ≤ 0, p ≤ 0,
r0 =
√
2
√−3p
3
cos
α
3
+
n2 − 4
12B
where α = arccos
(
−3q√−3p
2p2
)
, 0 ≤ α ≤ pi.
With A given by (4.9), the metrics become
g =
1
n2
(
dρ2 + ρ2
(
d
nψ
2
)2)
+ ρ2
(cos θ
2
dφdψ +
cos2 θ
4
dφ2
)
+ r2
(
σ21 + σ
2
2
)
.
Therefore the theorem follows. Q.E.D.
The Ricci curvatures are
R11 = R44 = −3B − AB
r4
, R22 = R33 = −3B + AB
r4
.
Corollary 4.1. Let A = 0. The metrics constructed in Theorem 4.1
g =
dr2
(1 +Br2)
(
1 +
√
1+Br2C
r4
) + r2(σ21 + σ22 + (1 +
√
1 +Br2C
r4
)
σ23
)
(4.10)
have constant Ricci curvature −3B.
In the following we show that the metrics constructed in Theorem 4.1
can not develop into 5-dimensional spherically symmetric, static vacuum
Einstein spacetimes with the negative cosmological constant except (4.3).
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Theorem 4.2. Let f be given by (4.4). Suppose smooth function v(r) such
that the following metrics
g˜ = −v2dt2 + dr
2
(1 +Br2)f2
+ r2
(
σ21 + σ
2
2 + f
2σ23
)
(4.11)
satisfy (3.6). Then
v =
√
1 +Br2, C = 0.
Proof: Denote h =
√
(1 +Br2)f . Then the curvature tensors are
R˜0101 = −
v′′h2 + v′h′h
v
,
R˜0202 = R˜
0
303 = −
v′h2
vr
,
R˜0404 = −(
v′h2
vr
+
v′f ′h2
vf
),
R˜2121 = R˜
3
131 = −
h′h
r
,
R˜4141 = −(
h′h
r
+
f ′′h2 + f ′h′h
f
+
2f ′h2
rf
),
R˜3434 = R˜
4
242 = −(
h2 − f2
r2
+
f ′h2
rf
),
R˜2323 = −
h2 + 3f2 − 4
r2
.
The Ricci curvatures are
R˜00 = −(R˜0101 + R˜0202 + R˜0303 + R˜0404),
R˜11 = −3B − AB
r4
+ R˜0101,
R˜22 = −3B + AB
r4
+ R˜0202,
R˜33 = −3B + AB
r4
+ R˜0303,
R˜44 = −3B − AB
r4
+ R˜0404.
From R˜11 = R˜44, we get
h2v′′ −
(h2
r
+
f ′h2
f
− h′h
)
v′ = 0. (4.12)
The general solutions of the (4.12) are
v =
√
1 +Br2C1 + C2.
From R˜22 = R˜44, we get
C(4 + 3Br2)C1 − 4AC2 = 0.
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So we obtain A = 0, C1 = 0 or C = 0, C2 = 0. In the first case, we obtain
R00 = 0.
This gives a contradiction. Hence, by changing t to C1t, we can normalize
C1 = 1. Therefore
v =
√
1 +Br2.
Thus we obtain (4.3). Q.E.D.
5. Energy
In this section we compute the total energy of ALH metrics of Eguchi-
Hanson type II and show that it could be negative. For spacetimes with
negative cosmological constant, the definition of total energy and other con-
served quantities can be found in, e.g., [9, 3, 13, 1, 2, 15, 14] for four and
higher dimensional spacetimes. We follow the method of [9] to provide the
total energy related to metrics (4.1).
The 5-dimensional AdS spacetime with negative cosmological constant
−6B (B > 0) is the hyperboloid
ηαβy
αyβ = −B−1
in R4,2 equipped with the metric
ds2 = −(dy0)2 + 4∑
i=1
(
dyi
)2 − (dy5)2. (5.1)
Under coordinate transformations
y0 =
cos(
√
Bt)√
B
√
1 +Br2, y1 = r cos
θ
2
cos
ψ + φ
2
,
y2 = r cos
θ
2
sin
ψ + φ
2
, y3 = r sin
θ
2
cos
ψ − φ
2
,
y4 = r sin
θ
2
sin
ψ − φ
2
, y5 =
sin(
√
Bt)√
B
√
1 +Br2.
The metric (5.1) reduces the 5-dimensional AdS metric
g˜0 = −(1 +Br2)dt2 + 1
1 +Br2
dr2 + r2
(
σ21 + σ
2
2 + σ
2
3
)
. (5.2)
Fifteen Killing vector fields
Uαβ = yα
∂
∂yβ
− yβ ∂
∂yα
, yα = ηαβy
β
generate rotations for R4,2 and reduce the symmetric structures of (5.1)
restricted to the hyperboloid. The vector vector U50 will generate the total
energy.
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Denote the hyperbolic metric
g˘ =
1
1 +Br2
dr2 + r2
(
σ21 + σ
2
2 + σ
2
3
)
(5.3)
with sectional curvature −B. Let the coframe {e˘α} of metric (5.2) be
e˘0 =
√
1 +Br2dt, e˘1 =
dr√
1 +Br2
, e˘2 = rσ1, e˘
3 = rσ2, e˘
4 = rσ3.
Let {e˘α} be its dual frame. Then {e˘i} (i = 1, 2, 3, 4) are also the coframe of
the metric (5.3) and {e˘i} its dual frame.
The total energy of 4-dimensional ALH metrics with S3/Zn topology on
ends is defined as
E =
1
4Vol(S3/Zn)
lim
r→∞
∫
S3(r)/Zn
EU (0)50 ω˘, (5.4)
where ∇˘ is the Levi-Civita connection of g˘, gij = g
(
e˘i, e˘j
)
, aij = gij − δij ,
U50 = U
γ
50e˘γ , ω˘ = e˘
2 ∧ e˘3 ∧ e˘4 and
E = ∇˘ig1i − ∇˘1 trg˘(g)−
√
B
(
a11 − g11 trg˘(a)
)
.
Theorem 5.1. The metrics constructed in Theorem 4.1 have the total en-
ergy
E = A
√
B.
And E < 0 if A is chosen to be negative.
Proof: Direct computation shows that
∂
∂t
=
∂
∂y0
∂y0
∂t
+
∂
∂y5
∂y5
∂t
= −
√
By5
∂
∂y0
+
√
By0
∂
∂y5
=
√
BU50.
Therefore
U
(0)
50 =
√
1 +Br2√
B
.
The connection 1-forms of (5.3) are
ω˘21 =
√
1 +Br2
r
e˘2, ω˘31 =
√
1 +Br2
r
e˘3, ω˘23 =
1
r
e˘4,
ω˘41 =
√
1 +Br2
r
e˘4, ω˘42 =
1
r
e˘3, ω˘34 =
1
r
e˘2.
The components of (4.1) are
g11 = f
−2, g22 = g33 = 1, g44 = f2.
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Therefore
∇˘ig1i =
4∑
i=1
(
e˘i (gi1)− g1lω˘li (e˘i)− gilω˘l1 (e˘i)
)
= e˘1 (g11)− g11ω˘1i (e˘i)− giiω˘i1 (e˘i)
=
√
1 +Br2
(
(f−2)′ +
3f−2 − f2 − 2
r
)
,
∇˘1 trg˘(g) =
√
1 +Br2
(
(f−2)′ + (f2)′
)
.
Substituting (4.4) into the above formulas, we obtain
√
1 +Br2√
B
(
∇˘ig1i − ∇˘1 trg˘(g)
)
= − CB
√
B
r
√
1 +Br2
+O(
1
r4
),
√
1 +Br2√
B
√
B
(
a11 − g11 trg˘(a)
)
= −BC
r2
− A
√
1 +Br2
r4
+O(
1
r4
).
Thus
EU (0)50 =
A
√
1 +Br2
r4
+
BC
r2
(
1 +Br2 +
√
(1 +Br2)Br2
) +O( 1
r4
).
We obtain
E = A
√
B.
From (4.8), (4.9), we find that A is allowed to be negative. In this case
E < 0. Q.E.D.
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